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REMARK ON THE GARNIER SYSTEM IN TWO VARIABLES
YUSUKE SASANO
Abstract. We remark on the Garnier system in two variables.
1. Summary
In this note, we consider the following questions;
Why do we need Okamoto-Kimura’s algebraic transformation of degree 2 for the Garnier
system in two variables?
Here, the Garnier system in two variables is equivalent to the rational Hamiltonian
system given by (see [12, 5])
dq1 =
∂H1
∂p1
dt+
∂H2
∂p1
ds, dp1 = −
∂H1
∂q1
dt−
∂H2
∂q1
ds,
dq2 =
∂H1
∂p2
dt+
∂H2
∂p2
ds, dp2 = −
∂H1
∂q2
dt−
∂H2
∂q2
ds,
H1 = −
q1(q1 − 1)(q1 − t)(q1 − s)(q2 − t)
(q1 − q2)t(t− 1)(t− s)
{p2
1
+
κ
q1(q1 − 1)
−
(
θ1 − 1
q1 − t
+
θ2
q1 − s
+
κ0
q1
+
κ1
q1 − 1
)
p1}
−
q2(q2 − 1)(q2 − t)(q2 − s)(q1 − t)
(q2 − q1)t(t− 1)(t− s)
{p2
2
+
κ
q2(q2 − 1)
−
(
θ1 − 1
q2 − t
+
θ2
q2 − s
+
κ0
q2
+
κ1
q2 − 1
)
p2},
H2 = pi(H1),
(1)
where the transformation pi is explicitly given by
pi :(q1, p1, q2, p2, t, s; κ0, κ1, θ1, θ2, κ)→ (q2, p2, q1, p1, s, t; κ0, κ1, θ2, θ1, κ).(2)
Here, q1, p1, q2 and p2 are canonical variables and κ0, κ1, θ1, θ2 and κ are constant param-
eters satisfying the relation
(3) κ =
1
4
[(κ0 + κ1 + θ1 + θ2 − 1)
2 − κ2
∞
].
For the system (1), we calculate its symmetry. We show that each Ba¨cklund transfor-
mation is a coupled Ba¨cklund transformation of the Painleve´ VI system.
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We see that the system (1) is invariant under the following transformations defined as
follows: with the notation (∗) = (q1, p1, q2, p2, t, s; κ0, κ1, κ∞, θ1, θ2),
s0 : (∗)→(
1
q1
,−
(
q1p1 −
κ0 + κ1 − κ∞ + θ1 + θ2 − 1
2
)
q1,
1
q2
,−
(
q2p2 −
κ0 + κ1 − κ∞ + θ1 + θ2 − 1
2
)
q2,
1
t
,
1
s
;
− κ
∞
, κ1, κ0, θ1, θ2),
s1 : (∗)→
(
q1, p1 −
κ0
q1
, q2, p2 −
κ0
q2
, t, s;−κ0, κ1, κ∞, θ1, θ2
)
,
s2 : (∗)→
(
q1, p1 −
κ1
q1 − 1
, q2, p2 −
κ1
q2 − 1
, t, s; κ0,−κ1, κ∞, θ1, θ2
)
,
s3 : (∗)→ (q1, p1, q2, p2, t, s; κ0, κ1,−κ∞, θ1, θ2) ,
s4 : (∗)→
(
q1, p1 −
θ1
q1 − t
, q2, p2 −
θ1
q2 − t
, t, s; κ0, κ1, κ∞,−θ1, θ2
)
,
s5 : (∗)→
(
q1, p1 −
θ2
q1 − s
, q2, p2 −
θ2
q2 − s
, t, s; κ0, κ1, κ∞, θ1,−θ2
)
,
σ1 : (∗)→(1− q1,−p1, 1− q2,−p2, 1− t, 1− s; κ1, κ0, κ∞, θ1, θ2),
σ2 : (∗)→(q2, p2, q1, p1, s, t; κ0, κ1, κ∞, θ2, θ1),
σ3 : (∗)→
(
s− q1
s− 1
,−(s− 1)p1,
s− q2
s− 1
,−(s− 1)p2,
s− t
s− 1
,
s
s− 1
; θ2, κ1, κ∞, θ1, κ0
)
,
σ4 : (∗)→(
1
q1
,−
(
q1p1 −
κ0 + κ1 + κ∞ + θ1 + θ2 − 1
2
)
q1,
1
q2
,−
(
q2p2 −
κ0 + κ1 + κ∞ + θ1 + θ2 − 1
2
)
q2,
1
t
,
1
s
;
κ
∞
, κ1, κ0, θ1, θ2).
(4)
The group < σ1, σ2, σ3, σ4 > is isomorphic to symmetric group of degree five.
By resolving an accessible singularity of the system (1), we transform the system (1)
into a polynomial Hamiltonian system.
We see that the birational and symplectic transformation ϕ1:
(5)


Q1 =
1
q1 − q2
,
P1 =−
(
(q1 − q2)p1 −
κ0 + κ1 − κ∞ + θ1 + θ2 − 1
2
)
(q1 − q2),
Q2 =q2,
P2 =p2 + p1
takes the system (1) into a polynomial Hamiltonian system.
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We remark that for the polynomial Hamiltonian system obtained by (5), this system
becomes again a polynomial Hamiltonian system in each coordinate ri (i = 0, 1, . . . , 6):
r0 : x0 = q1, y0 = p1, z0 = −(q2p2 − κ0)p2, w0 =
1
p2
,
r1 : x1 = q1, y1 = p1, z1 = −((q2 − 1)p2 − κ1)p2, w1 =
1
p2
,
r2 : x2 = (q1q2 + 1)q2, y2 =
p1
q2
2
, z2 =
1
q2
, w2 = −
(
q2p2 − 2
(
q1q2 +
1
2
)
p1
q2
)
q2,
r3 : x3 = −(q1p1 + κ∞)p1, y3 =
1
p1
, z3 = q2, w3 = p2,
r4 : x4 = q1, y4 = p1, z4 = −((q2 − t)p2 − θ1)p2, w4 =
1
p2
,
r5 : x5 = q1, y5 = p1, z5 = −((q2 − s)p2 − θ2)p2, w5 =
1
p2
,
r6 : x6 = q1, y6 = p1 +
p2
q2
1
, z6 = q2 +
1
q1
, w6 = p2.
Here, for notational convenience, we have renamed Qi, Pi to qi, pi (which are not the same
as the previous qi, pi).
We see that the system obtained by (5) is invariant under the following transformations
defined as follows: with the notation (∗) = (q1, p1, q2, p2, t, s; κ0, κ1, κ∞, θ1, θ2);
ϕ1 ◦ s1 ◦ s0 ◦ ϕ1
−1 : (∗)→(−(q1q2 + 1)q2,−
p1
q2
2
,
1
q2
,−
(
q2p2 − 2
(
q1q2 +
1
2
)
p1
q2
)
q2,
1
t
,
1
s
;
− κ
∞
, κ1,−κ0, θ1, θ2),
ϕ1 ◦ s1 ◦ ϕ1
−1 : (∗)→
(
q1, p1 −
κ0q2
q1q2 + 1
, q2, p2 −
κ0(2q1q2 + 1)
q2(q1q2 + 1)
, t, s;−κ0, κ1, κ∞, θ1, θ2
)
,
ϕ1 ◦ σ2 ◦ ϕ1
−1 : (∗)→(−q1,−
(
p1 +
p2
q2
1
)
, q2 +
1
q1
, p2, s, t; κ0, κ1, κ∞, θ2, θ1).
(6)
On the other hand, the system obtained by (5) is not invariant under the following
transformation associated with holomorphy condition r0:
S0 : (∗)→
(
q1, p1, q2, p2 −
κ0
q2
, t, s;−κ0, κ1, κ∞, θ1, θ2
)
.(7)
In this vein, we will guess that in [2] Professors H. Kimura and K. Okamoto considered
an algebraic transformation of degree 2 for the Garnier system in two variables.
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